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We show how a suitably prepared set of clocks can be used to determine all components of the
gravitational field in General Relativity. We call such an experimental setup a clock compass, in
analogy to the usual gravitational compass. Particular attention is paid to the construction of the
underlying reference frame. Conceptual differences between the clock compass and the standard
gravitational compass, which is based on the measurement of the mutual accelerations between
the constituents of a swarm of test bodies, are highlighted. Our results are of direct operational
relevance for the setup of networks of clocks, for example in the context of relativistic geodesy.
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I. INTRODUCTION
The question of how the gravitational field can be de-
termined in an operational way, is of fundamental impor-
tance in gravitational physics. In this paper, we demon-
strate how clocks may be used in a general relativistic
context.
In [1] we derived a generalized deviation equation by
employing the covariant expansion technique based on
Synge’s world function [2, 3]. In particular we showed,
how the deviation equation, and one of its generaliza-
tions, can be used to measure the curvature – i.e. the
gravitational field – by monitoring the mutual accelera-
tions between the constituents of a swarm of test bodies.
This led to explicit prescriptions for the setup of the con-
stituents of a device called a “gravitational compass” [4],
i.e. a realization of a gradiometer in the context of the
theory of General Relativity.
On the experimental side, modern clocks reached an
unprecedented level of accuracy and stability [5–10] in
recent years. An application of clocks for the determi-
nation of the gravitational field represents an interesting
issue. In analogy with our previous investigation [1], such
an ensemble or network of suitably prepared clocks may
also be called a clock compass, or a clock gradiometer.
In this work, we show how an ensemble of clocks can be
used to determine the gravitational field from the mutual
frequency comparison of the clocks.
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The structure of the paper is as follows: In section II
we work out a suitable set of coordinates which allows for
the description of events in the vicinity of a world line.
In section III we show how an ensemble of clocks has to
be prepared to find physical quantities, such as accelera-
tion and velocity, through mutual frequency comparisons
of the clocks. In particular, in Sec. IV we determine ex-
plicit configurations for clock gradiometers which allow
for a measurement of all independent components of the
curvature tensor. We draw our conclusions in section V.
The appendix contains a brief overview of the notations
and conventions used throughout the article.
II. REFERENCE FRAME: INERTIAL AND
GRAVITATIONAL EFFECTS
Our previous work [1] on the gravitational compass
based on deviation equations made clear that a suitable
choice of coordinates is crucial for the successful deter-
mination of the gravitational field. In particular, the op-
erational realization of the coordinates is of importance
when it comes to actual measurements.
From an experimentalists perspective so-called (gener-
alized) Fermi coordinates appear to be realizable oper-
ationally. There have been several suggestions for such
coordinates in the literature in different contexts [2, 11–
38], for a time line of the corresponding research see ta-
ble I. In the following we are going to derive the line
element in the vicinity of a world line, representing an
observer in an arbitrary state of motion, in generalized
Fermi coordinates.
2TABLE I. Time line of works on coordinates.
Spacetime
Year Curved Flat Acceleration
1922 Fermi [11, 12] x x
1932 Walker [16] x x
1960 Synge [2] x x
1963 Manasse & Misner [17] x
1973 Misner et al. [18] x
1977 Ni [19] x x
1977 Mashhoon [20] x x
1978 Ni & Zimmermann [21] x x
1978 Li & Ni [22] x x
1978 Ni [23] x
1979 Li & Ni [24] x x
2004 Chicone & Mashhoon [31] x x
2008 Klein & Collas [35] x x
2012 Delva & Angonin [37] x x
Results in special backgrounds (PN, Kerr, etc.)
1986 Ashby & Bertotti [26] x x
1988 Fukushima [28] x x
1993 Semera´k [29] x x
1994 Marzlin [30] x x
2005 Bini et al. [32] x x
2005 Chicone & Mashhoon [39] x x x
2006 Chicone & Mashhoon [33, 34] x
2010 Klein & Collas [36] x x
2012 Turyshev et al. [38] x x
A. Fermi normal coordinates
Following [14] we start by taking successive derivatives
of the usual geodesic equation. This generates a set of
equations of the form (for n ≥ 2)
dnxa
dsn
= −Γb1...bn
a dx
b1
ds
· · ·
dxbn
ds
, (1)
where the Γ objects with n ≥ 3 lower indices are defined
by the recurrent relation
Γb1...bn
a := ∂(b1Γb2...bn)
a − (n− 1) Γc(b1...bn−2
a Γbn−1bn)
c
(2)
from the components of the symmetric linear connection
Γbc
a = Γcb
a. A solution xa = xa(s) of the geodesic equa-
tion may then be expressed as a series
xa = xa|0 + s
dxa
ds
∣∣∣∣
0
+
s2
2
d2xa
ds2
∣∣∣∣
0
+
s3
6
d3xa
ds3
∣∣∣∣
0
+ · · ·
= qa + sva −
s2
2
0
Γbc
a vbvc −
s3
6
0
Γbcd
a vbvcvd − · · · ,
(3)
where in the last line we used qa := xa|0, v
a := dx
a
ds
∣∣
0
,
and
0
Γ...
a := Γ...
a|0 for constant quantities at the point
around which the series development is performed.
Now let us setup coordinates centered on the reference
curve Y to describe an adjacent point X . For this we
consider a unique geodesic connecting Y and X . We
define our coordinates in the vicinity of a point on Y (s),
with proper time s, by using a tetrad λb
(α) which is Fermi
transported along Y , i.e.
X0 = s, Xα = τξbλb
(α). (4)
Here α = 1, . . . , 3, and τ is the proper time along the
(spacelike) geodesic connecting Y (s) and X . The ξb are
constants, and it is important to notice that the tetrads
are functions of the proper time s along the reference
curve Y , but independent of τ . See figure 1 for further
explanations. By means of this linear ansatz (4) for the
coordinates in the vicinity of Y , we obtain for the deriva-
tives w.r.t. τ along the connecting geodesic (n ≥ 1):
dnX0
dτn
= 0,
dXα
dτ
= ξbλb
(α),
dn+1Xα
dτn+1
= 0. (5)
In other words, in the chosen coordinates (4), along the
geodesic connecting Y and X , one obtains for the deriva-
tives (n ≥ 2)
Γb1...bn
a dX
b1
dτ
· · ·
dXbn
dτ
= 0. (6)
This immediately yields
Γβ1...βn
a = 0, (7)
along the connecting curve, in the region covered by the
linear coordinates as defined above.
The Fermi normal coordinate system cannot cover the
whole spacetime manifold. By construction, it is a good
way to describe the physical phenomena in a small region
around the world line of an observer. The smallness of the
corresponding domain depends on the motion of the lat-
ter, in particular, on the magnitudes of the acceleration
|a| and angular velocity |ω| of the observer which set the
two characteristic lengths: ℓtr = c
2/|a| and ℓrot = c/|ω|.
The Fermi coordinate system Xα provides a good de-
scription for the region |X |/ℓ ≪ 1. For example, this
condition is with a high accuracy valid in terrestrial labo-
ratories since ℓtr = c
2/|g⊕| ≈ 10
16m (one light year), and
ℓrot = c/|Ω⊕| ≈ 4×10
12m (27 astronomical units). Note,
3FIG. 1. Construction of the coordinate system around the
reference curve Y . Coordinates of a point X in the vicinity
of Y (s) – with s representing the proper time along Y – are
constructed by means of a tetrad λb
(α). Here τ is the proper
time along the (spacelike) geodesic connecting Y and X. By
choosing a linear ansatz for the coordinates the derivatives of
the connection vanish along the geodesic connecting Y and
X.
however, that for a particle accelerated in a storage ring
ℓ ≈ 10−6m. Furthermore, the region of validity of the
Fermi coordinate system is restricted by the strength of
the gravitational field in the region close to the reference
curve, ℓgrav = min{|Rabcd|
−1/2, |Rabcd|/|Rabcd,e|}, so that
the curvature should have not yet caused geodesics to
cross. We always assume that there is a unique geodesic
connecting Y and X .
B. Explicit form of the connection
At the lowest order, in flat spacetime, the connection
of a noninertial system that is accelerating with aα and
rotating with angular velocity ωα at the origin of the
coordinate system is
Γ00
0 = Γαβ
c = 0, Γ00
α = aα,
Γ0α
0 = aα, Γ0β
α = −εαβγω
γ . (8)
Hereafter εαβγ is the 3-dimensional totally antisymmet-
ric Levi-Civita symbol, and the Euclidean 3-dimensional
metric δαβ is used to raise and lower the spatial (Greek)
indices, in particular aα = δαβa
β and εαβγ = δ
αδεδβγ .
For the time derivatives we have
∂0Γ00
0 = ∂0Γαβ
c = 0, ∂0Γ00
α = ∂0a
α =: bα,
∂0Γ0α
0 = bα, ∂0Γ0β
α = −εαβγ∂0ω
γ =: −εαβγη
γ . (9)
From the definition of the curvature we can express the
next order of derivatives of the connection in terms of the
curvature:
∂αΓ00
0 = bα − aβε
β
αγω
γ ,
∂αΓ00
β = −R0α0
β − εβαγη
γ + aαa
β − δβαωγω
γ + ωαω
β ,
∂αΓ0β
0 = −R0αβ
0 − aαaβ ,
∂αΓ0β
γ = −R0αβ
γ + εγαδω
δaβ . (10)
Using (7), we derive the spatial derivatives
∂αΓβγ
d =
2
3
Rα(βγ)
d, (11)
see also the general solution given in the appendix B of
[1].
C. Explicit form of the metric
In order to determine, in the vicinity of the reference
curve Y , the form of the metric at the point X in coordi-
nates ya centered on Y , we start again with an expansion
of the metric around the reference curve
gab|X = gab|Y + gab,c|Y y
c +
1
2
gab,cd|Y y
cyd + · · · .
(12)
Of course in normal coordinates we have gab|Y = ηab,
whereas the derivatives of the metric have to be calcu-
lated, and the result actually depends on which type of
coordinates we want to use. The derivatives of the metric
may be expressed just by successive differentiation of the
metricity condition ∇cgab = 0:
gab,c = 2 gd(aΓb)c
d,
gab,cd = 2
(
∂dge(aΓb)c
e + ∂dΓc(a
egb)e
)
,
... (13)
In other words, we can iteratively determine the metric
by plugging in the explicit form of the connection and its
derivatives from above.
In combination with (8) one finds:
g00,0 = g0α,0 = gαβ,0 = gαβ,γ = 0,
g00,α = 2aα, g0α,β = εαβγω
γ . (14)
For the second-order derivatives of the metric we ob-
tain, again using (13) in combination with (9), (10), and
(14):
g00,00 = g0α,00 = gαβ,00 = gαβ,γ0 = 0, g00,α0 = 2bα,
g0α,β0 = −ε
γ
βδη
δgαγ = εαβγη
γ ,
g00,αβ = − 2R0βα
0 + 2aαaβ − 2δαβωγω
γ + 2ωαωβ ,
g0α,βγ = −
4
3
Rα(βγ)
0, gαβ,γδ =
2
3
Rγ(αβ)δ. (15)
Note that R0βα
0+Rα0β
0+Rβα0
0 ≡ 0, in view of the Ricci
identity. Since Rβα0
0 = 0, we thus find R0βα
0 = R0(βα)
0.
As a result, we derive the line element in the Fermi
coordinates (up to the second order):
4ds2
∣∣
X
(y0, yα) = (dy0)2
[
1 + 2aαy
α + 2bαy
αy0 + (aαaβ − δαβωγω
γ + ωαωβ −R0αβ0)y
αyβ
]
+2dy0dyα
[
εαβγω
γyβ + εαβγη
γyβy0 −
2
3
Rαβγ0y
βyγ
]
−dyαdyβ
[
δαβ −
1
3
Rγαβδy
γyδ
]
+O(3). (16)
It is worthwhile to notice that we can recast this result as
ds2
∣∣
X
(y0, yα) = (dy0)2
[
1 + 2aαy
α + (aαaβ − δαβωγω
γ + ωαωβ −R0αβ0)y
αyβ
]
+2dy0dyα
[
εαβγω
γyβ −
2
3
Rαβγ0y
βyγ
]
− dyαdyβ
[
δαβ −
1
3
Rγαβδy
γyδ
]
+O(3), (17)
by introducing aα = aα + y
0∂0aα = aα + y
0bα and ωα = ωα + y
0∂0ωα = ωα + y
0ηα which represent the power
expansion of the time dependent acceleration and angular velocity.
III. APPARENT BEHAVIOR OF CLOCKS
The results from the last section may now be used
to describe the behavior of clocks in the vicinity of the
reference world line, around which the coordinates were
constructed.
There is one interesting peculiarity about writing the
metric like in (16), i.e. one obtains clock effects which
depend on the acceleration of the clock (just integrate
along a curve in those coordinates and the terms with a
and ω will of course contribute to the proper time along
the curve). This behavior of clocks is of course due to
the choice of the noninertial observer, and they are only
present along curves which do not coincide with the ob-
servers world line. Recall that, by construction, one has
Minkowski’s metric along the world line of the observer,
which is also the center of the coordinate system in which
(16) is written – all inertial effects vanish at the origin of
the coordinate system.
A. Flat case
We start with the flat spacetime and switch to a quan-
tity which is directly measurable, i.e. the proper time
quotient of two clocks located at Y and X . It is worth-
while to note that for a flat spacetime, Rijk
l = 0, the
interval (16) reduces to the Hehl-Ni [40] line element of
a noninertial (rotating and accelerating) system:
ds2
∣∣
X
(y0, yα) = (1 + aαy
α)2(dy0)2 − δαβ(dy
α + εαµνω
µyν dy0)(dyβ + εβρσω
ρyσ dy0) +O(3),
(18)
From (16) we derive(
ds|X
ds|Y
)2
=
(
dy0
ds|Y
)2[
1− δαβv
αvβ + 2aαy
α + 2bαy
αy0 + yαyβ (aαaβ − δαβωγω
γ + ωαωβ)
+2vαεαβγ
(
yβωγ + y0yβηγ
)]
+O(3) (19)
= 1 +
1
1− δαβvαvβ
[
2aαy
α + 2bαy
αy0 + yαyβ (aαaβ − δαβωγω
γ + ωαωβ)
+2vαεαβγ
(
yβωγ + y0yβηγ
)]
+O(3). (20)
Here we introduced the velocity vα = dyα/dy0. Defining
V α := vα + εαβγω
βyγ , (21)
we can rewrite the above relation more elegantly as(
ds|X
ds|Y
)2
=
(
dy0
ds|Y
)2[
(1 + aαy
α)2 − δαβV
αV β
]
+O(3).
(22)
Equation (20) is reminiscent of the situation which we encountered in case of the gravitational compass, i.e. we may
look at this measurable quantity depending on how we prepare the
C
(
yα, y0, vα, aα, ωα, bα, ηα
)
:=
(
ds|X
ds|Y
)2
. (23)
5B. Curved case
Now let us investigate the curved spacetime, after all we are interested in mapping the gravitational field by means
of clock comparison. The frequency ratio becomes:
(
ds|X
ds|Y
)2
= 1 +
1
1− δαβvαvβ
[
2aαy
α + 2bαy
αy0 + yαyβ (aαaβ −R0αβ0 − δαβωγω
γ + ωαωβ)
+2vαεαβγ
(
yβωγ + y0yβηγ
)
−
4
3
vαyβyγRαβγ0 +
1
3
vαvβyγyδRγαβδ
]
+O(3). (24)
Analogously to the flat case in (23), we introduce a shortcut for the measurable frequency ratio in a curved background,
denoting its dependence on different quantities as C
(
yα, y0, vα, aα, ωα, bα, ηα, Rαβγδ
)
.
Note that in the flat, as well as in the curved case, the frequency ratio becomes independent of bα and ηα on the
three-dimensional slice with fixed y0 (since we can always choose our coordinate time parameter y0 = 0), i.e. we have
C (yα, vα, aα, ωα) and C (yα, vα, aα, ωα, Rαβγδ) respectively.
IV. CLOCK COMPASS
We now consider different setups of clocks to measure
physical quantities by means of mutual frequency com-
parisons. For example, we could ask the question: can
we detect rotation just by clock comparison, i.e. can we
measure all three components of ωα, by a suitable setup
of clocks w.r.t. to the clock on our reference world line
Y ?
Here our strategy is similar to our analysis of the grav-
itational compass in [1]. We start by labeling different
initial values for the clocks:
(1)yα =


1
0
0

 , (2)yα =


0
1
0

 , (3)yα =


0
0
1

 ,
(4)yα =


1
1
0

 , (5)yα =


0
1
1

 , (6)yα =


1
0
1

 , (25)
and
(1)vα =


c11
0
0

 , (2)vα =


0
c22
0

 , (3)vα =


0
0
c33

 ,
(4)vα =


c41
c42
0

 , (5)vα =


0
c52
c53

 , (6)vα =


c61
0
c63

 ,
(26)
and
(1)aα =


d11
0
0

 , (2)aα =


0
d22
0

 , (3)aα =


0
0
d33

 ,
(4)aα =


d41
d42
0

 , (5)aα =


0
d52
d53

 , (6)aα =


d61
0
d63

 ,
(27)
and
(1)ωα =


e11
0
0

 , (2)ωα =


0
e22
0

 , (3)ωα =


0
0
e33

 ,
(4)ωα =


e41
e42
0

 , (5)ωα =


0
e52
e53

 , (6)ωα =


e61
0
e63

 .
(28)
Here the c’s, d’s and e’s are real-valued parameters.
A. Linear acceleration determination
Now let us search for a configuration of clocks which
allows for a determination of the three components of the
linear acceleration aα of the observer. Assuming that all
other quantities can be prescribed by the experimentalist,
we rearrange (23) as follows:
2aαy
α + aαaβy
αyβ = B(yα, vα, ωα), (29)
where all the measured frequency ratios, as well as all
prescribed quantities are collected on the rhs
B(yα, vα, ωα) :=
(
1− v2
)
(C − 1)− yαyβ
(
ωαωβ − δαβω
2
)
−2vαεαβγy
βωγ . (30)
Note that for brevity we suppress the functional depen-
dence on parameters of the measured frequency ratios on
the rhs. Taking into account (25)-(28), we end up with
the system
2aα
(n)yα + aαaβ
(n)yα(n)yβ = B((n)yα, (m)vα, (p)ωα)
= (n,m,p)B. (31)
6FIG. 2. Symbolical sketch of the explicit solution for linear
acceleration (40). In total 6 suitably prepared clocks (hollow
circles) are needed to determine all acceleration components.
The observer is denoted by the black circle.
Inserting eq. (25) yields the set (redundant equations are
not displayed)
a21 + 2a1 =
(1,1,1)B, (32)
a22 + 2a2 =
(2,1,1)B, (33)
a23 + 2a3 =
(3,1,1)B, (34)
2a1 + 2a2 + (a1 + a2)
2 = (4,1,1)B, (35)
2a2 + 2a3 + (a2 + a3)
2 = (5,1,1)B, (36)
2a1 + 2a3 + (a1 + a3)
2 = (6,1,1)B. (37)
This system does not allow for an extraction of the linear
accelerations, but this can be achieved by the introduc-
tion of clocks at the positions
(7)yα =


−1
0
0

 , (8)yα =


0
−1
0

 , (9)yα =


0
0
−1

 .
(38)
This yields a set of three equations like (32)-(34), which
can be subtracted from each other, leading to
aα =
1
4
(
(α,1,1)B − (α+6,1,1)B
)
. (39)
In terms of the C’s, for which we use here and in the
following the same shorthand notation as for the B’s, we
have
aα =
1
4
(
1− c211
)(
(α,1,1)C − (α+6,1,1)C
)
. (40)
Hence we need 6 clocks to determine all components of
the linear acceleration aα; see figure 2 for a symbolical
sketch of the solution.
B. Rotational velocity determination
Analogously to the strategy in the preceding section,
we rearrange the system (23) as follows:
2vαεαβγy
βωγ − yαyβ
(
δαβω
2 − ωαωβ
)
= B(yα, vα, aα),
(41)
FIG. 3. Symbolical sketch of the explicit solution for the rota-
tional velocity (45). In total 6 suitably prepared clocks (hol-
low circles) are needed to determine all velocity components.
The observer is denoted by the black circle.
where
B(yα, vα, aα) :=
(
1− v2
)
(C − 1)− 2aαy
α − aαaβy
αyβ .
(42)
Taking into account (25)-(28) we end up with
2(m)vαεαβγ
(n)yβωγ − (n)yα(n)yβ
(
δαβω
2 − ωαωβ
)
= B((n)yα, (m)vα, (p)aα) = (n,m,p)B. (43)
Consequently the rotational velocity can be determined
with the help of 6 clocks, an explicit solution being
ω1 =
1
2c33
(
(2,2,1)B − (2,3,1)B
)
,
ω2 =
1
2c11
(
(3,3,1)B − (3,1,1)B
)
,
ω3 =
1
2c22
(
(1,1,1)B − (1,2,1)B
)
, (44)
or explicitly in terms of the C’s
ω1 =
1− c233
2c33
[
1− c222
1− c233
(
(2,2,1)C − 1
)
− (2,3,1)C + 1
]
,
ω2 =
1− c211
2c11
[
1− c233
1− c211
(
(3,3,1)C − 1
)
− (3,1,1)C + 1
]
,
ω3 =
1− c222
2c22
[
1− c211
1− c222
(
(1,1,1)C − 1
)
− (1,2,1)C + 1
]
.
(45)
See figure 3 for a symbolical sketch of the solution.
C. Linear velocity determination
Again we rearrange the system (23) as follows:(
1− v2
)
(C − 1)− 2vαεαβγy
βωγ = B(yα, aα, ωα),
(46)
where
B(yα, aα, ωα) := 2aαy
α + yαyβ
(
aαaβ − δαβω
2 + ωαωβ
)
.
(47)
7FIG. 4. Symbolical sketch of the explicit solution for the lin-
ear velocity (51). In total 4 suitably prepared clocks (hollow
circles) are needed to determine all velocity components. The
observer is denoted by the black circle.
This yields
(
1− δαβv
αvβ
) (
(n,m,p)C − 1
)
− 2vαεαβγ
(n)yβ(p)ωγ
= B((n)yα, (m)aα, (p)ωα) = (n,m,p)B. (48)
From this system we can determine the linear velocity as
follows:
v1 =
1
2e33
[(
(2,2,3)C − 1
)
A− d222 + e
2
33 − 2d22
]
,
v2 =
1
2e33
[
−
(
(1,1,3)C − 1
)
A+ d211 − e
2
33 + 2d11
]
,
v3 =
1
2e22
[(
(1,1,2)C − 1
)
A− d211 + e
2
22 − 2d11
]
, (49)
where the common factor is given by
A :=
d211 + 2d11
(1,1,1)C − 1
. (50)
An alternative, and slightly simpler, solution for the
velocity reads as
v1 =
1
2e33
[(
(2,1,3)C − 1
)
A+ e233
]
,
v2 = −
1
2e33
[
−
(
(1,2,3)C − 1
)
A+ e233
]
,
v3 =
1
2e22
[(
(1,2,2)C − 1
)
A+ e222
]
, (51)
In other words, 4 clocks are necessary to determine all
components of the linear velocity, see figure 4 for a sym-
bolical sketch of the solution.
D. Curvature determination
Now we turn to the determination of the curvature in
a general spacetime by means of clocks. We consider
the non-vacuum case first, when one needs to measure
20 independent components of the Riemann curvature
tensor Rabc
d.
Again we start by rearranging the system (23):
(n)yα(n)yβ
(
−R0αβ0 −
4
3
Rγαβ0
(m)vγ +
1
3
Rαγδβ
(m)vγ (m)vδ
)
= B((n)yα, (m)vα, (p)aα, (q)ωα), (52)
where
B(yα, vα, aα, ωα) := (1− v2) (C − 1)− 2aαy
α − yαyβ (aαaβ − δαβωγω
γ + ωαωβ)− 2v
αεαβγy
βωγ . (53)
Analogously to our analysis of the gravitational compass [1], we may now consider different setups of clocks to measure
as many curvature components as possible. The system in (52) yields (please note that only the position and the
velocity indices are indicated):
01 : R1010 =
(1,1)B, (54)
02 : R2110 =
3
4
c−122 c
−1
42 (c22 − c42)
−1
(
(1,1)Bc222 −
(1,1)Bc242 +
(1,2)Bc242 −
(1,4)Bc222
)
, (55)
03 : R1212 = −3c
−1
22 c
−1
42 (c22 − c42)
−1
(
(1,1)Bc22 −
(1,1)Bc42 +
(1,2)Bc42 −
(1,4)Bc22
)
, (56)
04 : R3110 =
3
4
c−133 c
−1
63 (c33 − c63)
−1
(
(1,1)Bc233 −
(1,1)Bc263 +
(1,3)Bc263 −
(1,6)Bc233
)
, (57)
05 : R1313 = −3c
−1
33 c
−1
63 (c33 − c63)
−1
(
(1,1)Bc33 −
(1,1)Bc63 +
(1,3)Bc63 −
(1,6)Bc33
)
, (58)
06 : R1213 =
3
2
c−152 c
−1
53
(
− (1,5)B +R1010 −
4
3
R2110c52 −
4
3
R3110c53 −
1
3
R1212c
2
52 −
1
3
R1313c
2
53
)
, (59)
07 : R2020 =
(2,2)B, (60)
08 : R0212 =
3
4
c−111
(
(2,1)B −R2020 +
1
3
R1212c
2
11
)
, (61)
09 : R3220 =
3
4
c−133 c
−1
53 (c33 − c53)
−1
(
(2,2)Bc233 −
(2,2)Bc253 +
(2,3)Bc253 −
(2,5)Bc233
)
, (62)
10 : R2323 = −3c
−1
33 c
−1
53 (c33 − c53)
−1
(
(2,2)Bc33 −
(2,2)Bc53 +
(2,3)Bc53 −
(5,2)Bc33
)
, (63)
811 : R3212 =
3
2
c−161 c
−1
63
(
− (2,6)B +R2020 +
4
3
R0212c61 −
4
3
R3220c63 −
1
3
R1212c
2
61 −
1
3
R2323c
2
63
)
, (64)
12 : R3030 =
(3,3)B, (65)
13 : R0313 =
3
4
c−111
(
(3,1)B −R3030 +
1
3
R1313c
2
11
)
, (66)
14 : R0323 =
3
4
c−122
(
(3,2)B −R3030 +
1
3
R2323c
2
22
)
, (67)
15 : R3132 =
3
2
c−141 c
−1
42
(
− (3,4)B +R3030 +
4
3
R0313c41 +
4
3
R0323c42 −
1
3
R1313c
2
41 −
1
3
R2323c
2
42
)
, (68)
16 : R2010 =
1
2
(
(4,1)B −R1010 −R2020 −
4
3
R0212c11 −
4
3
R2110c11 +
1
3
R1212c
2
11
)
, (69)
17 : R3020 =
1
2
(
(5,2)B −R2020 −R3030 −
4
3
R0323c22 −
4
3
R3220c22 +
1
3
R2323c
2
22
)
, (70)
18 : R3010 =
1
2
(
(6,1)B −R1010 −R3030 −
4
3
R0313c11 −
4
3
R3110c11 +
1
3
R1313c
2
11
)
. (71)
Introducing the abbreviations
K1 :=
3
4
c−133
[
− (4,3)B +R1010 + 2R2010 +R2020 −
4
3
(R3110 +R3220)c33 −
1
3
(R1313 + 2R3132 +R2323)c
2
33
]
, (72)
K2 :=
3
4
c−111
[
− (5,1)B +R2020 + 2R3020 +R3030 +
4
3
(R0212 +R0313)c11 −
1
3
(R1212 + 2R1213 +R1313)c
2
11
]
, (73)
K3 :=
3
4
c−122
[
− (6,2)B +R1010 + 2R3010 +R3030 −
4
3
(R2110 +R0323)c22 −
1
3
(R1212 + 2R3212 +R2323)c
2
22
]
, (74)
we find the remaining three curvature components
19 : R1023 =
1
3
(K3 −K1) , (75)
20 : R2013 =
1
3
(K2 −K1) , (76)
21 : R3021 =
1
3
(K3 −K2) . (77)
See figure 5 for a symbolical sketch of the solution. The
B’s in these equations can be explicitly resolved in terms
of the C’s
(1,1)B =
(
1− c211
) (
(1,1)C − 1
)
, (78)
(1,2)B =
(
1− c222
) (
(1,2)C − 1
)
, (79)
(1,3)B =
(
1− c233
) (
(1,3)C − 1
)
, (80)
(1,4)B =
(
1− c241 − c
2
42
)(
(1,4)C − 1
)
, (81)
(1,5)B =
(
1− c252 − c
2
53
)(
(1,5)C − 1
)
, (82)
(1,6)B =
(
1− c261 − c
2
63
)(
(1,6)C − 1
)
, (83)
(2,1)B =
(
1− c211
) (
(2,1)C − 1
)
, (84)
(2,2)B =
(
1− c222
) (
(2,2)C − 1
)
, (85)
(2,3)B =
(
1− c233
) (
(2,3)C − 1
)
, (86)
(2,5)B =
(
1− c252 − c
2
53
) (
(2,5)C − 1
)
, (87)
(2,6)B =
(
1− c261 − c
2
63
) (
(2,6)C − 1
)
, (88)
(3,1)B =
(
1− c211
) (
(3,1)C − 1
)
, (89)
(3,2)B =
(
1− c222
) (
(3,2)C − 1
)
, (90)
(3,3)B =
(
1− c233
) (
(3,3)C − 1
)
, (91)
(3,4)B =
(
1− c241 − c
2
42
) (
(3,4)C − 1
)
, (92)
(4,1)B =
(
1− c211
) (
(4,1)C − 1
)
, (93)
(4,3)B =
(
1− c233
) (
(4,1)C − 1
)
, (94)
(5,1)B =
(
1− c211
) (
(5,1)C − 1
)
, (95)
(5,2)B =
(
1− c222
) (
(5,2)C − 1
)
, (96)
(6,1)B =
(
1− c211
) (
(6,1)C − 1
)
, (97)
(6,2)B =
(
1− c222
) (
(6,2)C − 1
)
. (98)
9E. Vacuum spacetime
In vacuum the number of independent components of
the curvature is reduced to the 10 components of the
Weyl tensor Cabcd. Replacing Rabcd in the compass so-
lution (54)-(71), and taking into account the symmetries
of the Weyl tensor, we may use a reduced clock setup to
completely determine the gravitational field. Note that
all other components may be obtained from the double
self-duality property Cabcd = −
1
4εabefεcdghC
efgh.
01 : C2323 = −
(1,1)B, (99)
02 : C0323 =
3
4
c−122 c
−1
42 (c22 − c42)
−1
(
(1,1)Bc222 −
(1,1)Bc242 +
(1,2)Bc242 −
(1,4)Bc222
)
, (100)
03 : C3030 = 3c
−1
22 c
−1
42 (c22 − c42)
−1
(
(1,1)Bc22 −
(1,1)Bc42 +
(1,2)Bc42 −
(1,4)Bc22
)
, (101)
04 : C2020 =
(2,2)B, (102)
05 : C3220 =
3
4
c−133
(
(1,3)B + C2323 −
1
3
C2020c
2
33
)
, (103)
06 : C0313 = −
3
4
c−111
(
(2,1)B − C2020 −
1
3
C3030c
2
11
)
, (104)
07 : C3020 = −
3
2
c−152 c
−1
53
(
(1,5)B + C2323 +
4
3
C0323c52 −
4
3
C3220c53 −
1
3
C3030c
2
52 −
1
3
C2020c
2
53
)
, (105)
08 : C3212 = −
3
2
c−161 c
−1
63
(
(2,6)B − C2020 +
4
3
C0313c61 +
4
3
C3220c63 −
1
3
C3030c
2
61 +
1
3
C2323c
2
63
)
, (106)
09 : C3132 = −
3
2
c−141 c
−1
42
(
(3,4)B − C3030 −
4
3
C0313c41 −
4
3
C0323c42 −
1
3
C2020c
2
41 +
1
3
C2323c
2
42
)
. (107)
With the abbreviations
K1 :=
3
4
c−133
[
−(4,3)B − C2323 + 2C3132 + C2020 +
1
3
(C2020 − 2C3132 − C2323)c
2
33
]
, (108)
K2 :=
3
4
c−111
[
−(5,1)B + C2020 + 2C3020 + C3030 +
1
3
(C3030 − 2C3020 + C2020)c
2
11
]
, (109)
K3 := −
3
4
c−122
[
(6,2)B + C2323 − 2C3212 − C3030 −
1
3
(C3030 − 2C3212 − C2323)c
2
22
]
, (110)
the remaining three curvature components read
10 : C1023 =
1
3
(K3 −K1) , (111)
11 : C2013 =
1
3
(K2 −K1) , (112)
12 : C3021 =
1
3
(K3 −K2) . (113)
A symbolical sketch of the solution is given in figure 6.
F. Constrained clock compass
It is interesting to note that in the case of a constrained
compass, when the relative velocities of the clocks to each
other are vanishing, only six components of the curvature
can be determined at best:
01 : R1010 =
(1)B, (114)
02 : R2020 =
(2)B, (115)
03 : R3030 =
(3)B, (116)
04 : R2010 =
1
2
(
(4)B − (1)B − (2)B
)
, (117)
05 : R3020 =
1
2
(
(5)B − (2)B − (3)B
)
, (118)
06 : R3010 =
1
2
(
(6)B − (1)B − (3)B
)
. (119)
V. CONCLUSIONS AND OUTLOOK
Here we proposed an experimental setup which we call
a clock compass, in analogy to the usual gravitational
compass [1, 4]. We have shown that a suitably prepared
set of clocks can be used to determine all components
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FIG. 5. Symbolical sketch of the explicit solution for the cur-
vature (54)-(77). In total 21 suitably prepared clocks (hollow
circles) are needed to determine all curvature components.
The observer is denoted by the black circle. Note that all
(1...6)va, but only (1...3)ya are needed in the solution.
FIG. 6. Symbolical sketch of the explicit vacuum solution
for the curvature (99)-(113). In total 11 suitably prepared
clocks (hollow circles) are needed to determine all curvature
components. The observer is denoted by the black circle.
Note that all (1...6)va, but only (1...3)ya are needed in the
solution.
of the gravitational field, i.e. the curvature, in General
Relativity, as well as to describe the state of motion of a
noninertial observer.
We have worked out explicit clock compass setups in
different situations, and have shown that in general 6
clocks are needed to determine the linear acceleration as
well as the rotational velocity, while 4 clocks will suffice
in the case of the velocity. Furthermore, we gave explicit
setups which allow for a determination of all curvature
components in general as well as in vacuum spacetimes
by means of 21 and 11 clocks, respectively. In view of
possible future experimental realizations it is interesting
to note that restrictions regarding the choice of clock
velocities in a setup lead to restrictions regarding the
number of determinable curvature components. Further
special cases should be studied depending on possible ex-
perimental setups.
In summary, we have shown how the gravitational field
can be measured by means of an ensemble of clocks. Our
results are of direct operational relevance for the setup of
networks of clocks, especially in the context of relativistic
geodesy. In geodetic terms, the given clock configurations
may be thought of as a clock gradiometers. Taking into
account the steadily increasing experimental accuracy of
clocks, the results in the present paper should be com-
bined with those from a gradiometric context, for exam-
ple in the form of a hybrid gravitational compass – which
combines acceleration as well as clock measurements in
one setup. Another possible application is the detection
of gravitational waves by means of clock as well as stan-
dard interferometric techniques. An interesting question
concerns the possible reduction of the number of required
measurements by a combination of different techniques.
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Appendix A: Notations and conventions
Our conventions for the Riemann curvature are as fol-
lows:
2T c1...ckd1...dl;[ba] ≡ 2∇[a∇b]T
c1...ck
d1...dl
=
k∑
i=1
Rabe
ciT c1...e...ckd1...dl
−
l∑
j=1
Rabdj
eT c1...ckd1...e...dl . (A1)
The Ricci tensor is introduced by Rij = Rkij
k, and
the curvature scalar is R = gijRij . The signature of
the spacetime metric is assumed to be (+1,−1,−1,−1).
Latin indices run from 0, . . . , 3, and Greek indices from
1, . . . , 3.
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TABLE II. Directory of symbols.
Symbol Explanation
gab Metric√−g Determinant of the metric
δab Kronecker symbol
εabcd, εαβγ (4D, 3D) Levi-Civita symbol
xa, ya Coordinates
s, τ Proper time
Γab
c Connection
Rabc
d, Cabc
d Riemann, Weyl curvature
λb
(α) (Fermi propagated) tetrad
Y (s), X(τ ) (Reference) world line
ξa Constants in spatial Fermi coordinates
vα, ωα, V α (Linear, rotational, combined) velocity
aα Acceleration
bα, ηα Deriv. of (linear, rotational) acceleration
C Frequency ratio
A, B, K1,2,3 Auxiliary quantities
Operators
∂i, ∇i (Partial, covariant) derivative
D
ds
=“˙” Total covariant derivative
d
ds
=“
◦
” Total derivative
“¯” Power expansion
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